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Abstract: Smoothed analysis aims to explain the success of algorithms that work well in practice while
performing poorly in worst-case analysis. High performance computers have been used extensively in solving large
scale linear systems and decomposition of matrix. The simplest and most implemented method of solving linear
systems is Gaussian elimination (Gaussian algorithm). Natural implementations of Gaussian elimination use O(x°)
arithmetric operations to solve a system of n linear equations in n variables. If the coefficients of these equations are
specified using m bits, in the worst case it suffices to perform the elimination using mn bits of precision, because the
elimination may produce large intermediate entries. However, a large number of experiments in numerical analysis
have indicated that this high precision is necessary rarely in practice. Huge condition number and growth factors of
matrix are always the main roots that make the matrix ill-conditioned and lead to produce a large error in solution.

Let A4 be the matrix of independent Gaussian random variables centered at A , each of the variances o> <1, K(A)
be the condition number of matrix 4. Sankar et al. performed a smoothed analysis of condition numbers and growth
3.64n(1 +4 log(a))

ac
the smoothed complexity of bits of precision needed to solve 4x=>b to m bits of accuracy using Gaussian algorithm
is at most: m+7log,(n)+3log,(l/c)+log,log,n+7. They made some mistake in their proof. The mistake is

factors of matrices. They showed that for any matrix AeR™and a>0, Pr[K(4) = a]< , and

corrected in this paper, and the smoothed complexity of bits of precision is corrected as:

m+T7logynt+3log,(1/0)+ 4\/2 +log,n +log,(1/0) + 7.367. Two inequalities on norm of the matrix and product of the

two random variables respectively are presented, and the smoothed analysis of condition number of matrix is
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simplified to Pr{K(4)>a]< o

6\/5112
e

. The conjecture Pr[K(4)2>a]< 0[
a

is solved to some extent. The
aoc

smoothed complexity of bits of precision is improved to m +8log,n +3log,(1/c)+7. And the experimental results
show that the new smoothed analysis results are much better.
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(K9 % 07 L2 9T L R Y LA R0 8 B4 g A ) 39 MG 30 G320 05 6 A8 9 95 L 8 00 00 1 3 4 4%
JE A %2 m+8log,n +3log,(1/0) +7.
L WA T U IR m AR B R T TR e W W N A M 52" 0 p,(A)- py(A)-K(A)-e<1.
TRH 2.33+m+log,n +1log,(p, (4)) +1og,(p,(A))+1log,(K(A)) < log,(1/e).
HEIH 2 ForH 2 193 Ellog,(p,(A4))] < 2log,n +log,(1/0)—0.325 (JR 3L I4518)
M5 2 KE 2 58] E[log,(p,(4))] < 3log,n +log,(1/0) +1.246 (JE LI 4518)
HIgI B 2 J2 e B 6 44 1) E[log, (K (A))] < 2log,n +log,(1/c) +3.085.
DAL, e 307 0 31 TG VR m (60K B (R BT RR DL A B0 P i AR BE 2R 208 m + 8log,n + 3log, (/o) +7. O

6 LHERAILLEL

ME R 2 g B 6 n] LUE B, LT S 00 TR RE 4 AR H g o A 25 R 43 il Ay
P = PHK(A) > a] < 3.646n(1+44/log(a)) | = PHK(4)2d]< 6\5”2 .
ao a-c

6+/2-n-3.646

TP 3'646(16? 8@) 3t g5 WABEM B n 2 > ] WAL py > py ST py<p, .
P -n
HT T W 0 T 45 52 AR AR KRB B, 2 o BP0 DK DL AT 10 45 SR B D 5 SR S A S o o R ) B 8 — Je
AR AN TR, o KB RE e Ik 25 ] I &5 SR BB PE . T 1D, FRATTXS m S o B — BRI I BUIEAT X BE, LR 1.
Table 1 Comparison of smoothed analysis of condition number of matrix between
pre-simplification and post-simplification

R R A AR A AR R~ 20 M 4 R L

o/p) v 100 2150 200 250 2300 2400

n
10 1.761 71 2.147 99 2.473 64 2.760 54 3.01992 3.480 45
20 0.880 86 1.073 99 1.236 82 1.380 27 1.509 96 1.740 22
30 0.587 24 0.715 99 0.824 55 0.920 18 1.006 64 1.160 15
40 0.440 43 0.536 99 0.618 41 0.690 13 0.754 98 0.870 11

NGB 4 J g B0 7 B, B0 TS KT m v oot BAT m (SRS B2 R A T 35 PR P L 2 B0 B0 T 2% B £
a3k
¢, =m+Tlog,n+3log,(1/0)+ 4\/2 +log,n +log,(1/0) +7.367, ¢, =m+8log,n +3log,(1/0)+7.
T, ¢ —c; =42 +log,n +log,(1/ ) —log, (n) - 1.
T HIFRATN n Jo B —SEIE S U EAT B B L3R 2.
Table 2 Comparison of smoothed complexity of bits of precision needed to perform Gaussian algorithm

between pre-simplification and post-simplification

2 TS T AT BB LY 5 2% S AL

~ Co—Ci 3 0.01 0.001 0.000 1 0.000 01 0.000 001 0.000 000 1
50 8.475 780 10.141 68 11.656 56 13.055 28 14.361 07 15.590 299
100 7.995 946 9.611 701 11.088 60 12.457 29 13.738 54 14.947 240
200 7.499 359 9.069 253 10.510 91 11.851 41 13.109 46 14.298 629
300 7.201 726 8.746 544 10.168 72 11.493 52 12.738 57 13.916 743
400 6.987 542 8.515 281 9.924 105 11.238 10 12.474 16 13.644 717
500 6.819 753 8.334 628 9.733 351 11.039 14 12.268 37 13.433 115
600 6.681 616 8.186 220 9.576 850 10.876 05 12.099 78 13.259 839

A S 45 SRR W0 T R AR R B B 7 2 HOCMEL TR A B/ P R 22 BN T 3t 8 K AR 3 20 A
BB ZE A AR /.
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7T BESRE

AN S A 1 SCHR (3198 T i U WURe 1 v tE AT m 7R B2 PR A BT L BL 8 5 357 80 7001 52 % P2 Uk 1
TERE AP PR 5, AR i 0 T ) A 3 A A 5% T A Y ORI L A R SR A R AN A o, e T S SR SR T AR A
T 0 AT 8 SR 18 T St JER ST 5 T v ST P U TG e R FRE A BT 5 HL R R )~ SRR R R TR AT
SR SR GUR AT B

SR % BE o B A2 SEWE ST — A B sk, 1 T BT 1t — LAy Ak — D IR I T AR

(1) M EAT S0 25 RO A 3% T2 0 3R (10 i i 02 HROKE 52 T oy J0 50 P 3 0 532k O G 2 ey AT e, N L
b T, AT I T TCARARE () v T T T o ARG FSE AR BT T LA RS S A 800K~ 52 2 TR S L vy B LY 4 T B
152,12 — s TPk PRI 7T TAE.

(2) BT gl SR DUAR AR AR 22 04 B Cn — R ) A ek b 1) LR BfEL vl 55 ) R N T i
AU Pt R AR DU ABLIR SR, AT R AT AR IR K e IR 6 00 52 20% FSE (M 4 415 B30 20 1) g i) =22 1) 2. 2% 2), 1T
s 2 T P BAR A 280 7 SRR I SR A1 AR

(3) EV SRS B b (W A B A A A7 AE AR 2 A (WIAE Unix N2 Windows NT H 4 I 1)
MLF ] B2 5090), 3 #5305 5 s W P R B HH & A6 8 (K e R T 10 B SRS DU PR RE 20 A 204 N K 8L T,
A b ER IR LA

FE SR 1 I FH PR 58 G A A A OB A ER BB TL I8 FRATTIA D I8 P 05 0~ A2 23 B 23 7 don ok
fipE 2 B ) L FR) SR AT PRA S — T AT O (B R 9 A, JE 3 e B 40U v A S 0 S0 AT T AR 4 B A )
A (K~ B2 2% FERIT T I AN BT IR N, AT 53K [0~ 3 52 23 B2 23 B0 6 SOREAT S L A IR BRI 1R i R
IIMTHERGUIT KA 0T Lo s S FLA TR H A AU oKy B 4% L AT )4
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