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Robust learning control algorithms for uncertain time-varying systems
LIU Li, SUN Ming-xuan

(College of Information Engineering, Zhejiang University of Technology, Hangzhou Zhejiang 310014, China)

Abstract: The trajectory tracking problem of uncertain time-varying systems is addressed, where the same tasks are

performed repeatedly within a finite duration of time, or periodic references are followed over an infinite interval. Through

the Lyapunov-like synthesis, two robust learning control algorithms are developed based on the control tasks, and their

stability and convergence results are established. Both algorithms can compensate for the shortcoming when either one is

applied separately. The robust control component guarantees all the variables in the closed-loop to be bounded, while the

learning control component ensures that the tracking error converges to zero. Numerical results are presented to demonstrate

effectiveness of the proposed learning algorithms.
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2 (Problem formulation)
SISO :

ẋ(t) = Δf(x, t) + b(t)u(t). (1)

: x(t) , u(t) , Δf(x, t)
, b(t) .

xd(t),

ud(t), x(t)
, xd(t). , xd(t)

, ud(t) sup |ud(t)| � u∗, u∗ .

e(t) = xd(t) − x(t). e(t) ,

(1) ,

ė(t) = ẋd(t) − Δf(x, t) − b(t)u(t). (2)

1 , b(t) > 0,

b∗, bmax, 0 < b∗ � b(t) � bmax . b∗

.

2 Δf(x, t)

|Δf(x, t)| � ρ(x, t). (3)

: ρ(x, t) .

Δf(x, t) x Lipschitz ,

lΔf > 0,

|Δf(x, t) − Δf(xd, t)| � lΔf |x − xd|. (4)

:

u(t) = (β(x, t)ζ(x, t) + 1)
1
b∗

e(t), (5)

β(x, t) = |ẋd(t)| + ρ(x, t), (6)

ζ(x, t) =
1

|e(t)| . (7)

V (t) =
1
2
e2(t), V (t) ,

(2) (5) ,

V̇ � −e2 + |e|(|ẋd| + ρ)(1 − ζ|e|) � −e2. (8)

, . (5)

ζ(x, t)e(t)

ζ(x, t)e(t) = sgn e(t). (9)

, sgn e(t)
, . ,

(7)

ζ(x, t) =
1

|e(t)| + ε
, (10)

ε > 0 . , (10)

(8) ,

V̇ � −e2 + (|ẋd| + ρ)ε. (11)

ρ x , x ,

ρ . , ζ(x, t)

ζ(x, t) =
2

|e(t)| + ε
, ε > 0, (12)

(8),

V̇ � |e|(|ẋd| + ρ)
ε − |e|
|e| + ε

− e2. (13)

|e| � ε , V̇ � −e2. e x .

2 ρ . ε ,

, (5) ζ(x, t)e(t)

ζ(x, t)e(t) =
2e(t)

|e(t)| + ε
≈ 2sgn e(t).

, 2sgn e(t) ,

; , ε ,

.

3 (Robust iterative learn-

ing control )
(1) [0, T ] ,

, T > 0 . xd(t)

ẋd(t) = Δf(xd, t) + b(t)ud(t), t ∈ [0, T ]. (14)

2 , (1)

,

, .

, ε , .

,

.

,

. ,

,

, ,

.

,

uk(t) = sat(uk−1(t)) + ur,k(t), (15)

ur,k(t) = (β(xk, t)ζ(xk, t) + 1)
1
b∗

ek(t), (16)

β(xk, t) = |ẋd(t)| + ρ(xk, t), (17)

ζ(xk, t) =
2

|ek(t)| + ε
. (18)

: k . ε > 0 . uk(t)
k ; ur,k(t) ;

(15) sat(uk−1(t)) uk−1(t) ,

u∗,

sat(u) =

{
u, |u| � u∗,
sgn uu∗, |u| > u∗.

(19)
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, (18) (10),

3.1. βk(t) = β(xk, t), ζk(t) =
ζ(xk, t), ρk(t) = ρ(xk, t). , [0, T ]

, fk(t), t ∈ [0, T ], k =
0, 1, 2, · · · , M > 0, |fk(t)| � M , ∀t ∈
[0, T ] k. [0,∞)

, f(t), t ∈ [0,∞), M > 0,

|f(t)| � M , ∀t ∈ [0,∞).

1 1,2 (1),

xk(0) = xd(0),∀k ,

(15)(16) ,

k → ∞ , [0, T ] ,

lim
k→∞

ek(t) = 0, t ∈ [0, T ].

.

Vk(t) =
1
2
e2

k(t). Vk(t) , (2)

(15)(16) ,

V̇k �− b

b∗
e2

k + |ek|bu∗ +

(1 − ζk

b

b∗
|ek|)(|ẋd| + ρk)|ek|. (20)

|ek| � ε ,

1 − ζk

b

b∗
|ek| � b∗(ε − |ek|)

(|ek| + ε)b∗
� 0, (21)

V̇k � − b

b∗
e2

k + |ek|bu∗ = −b|ek|( 1
b∗
|ek|−u∗), (22)

, |ek| � max{ε, b∗u∗} , V̇k � 0.

, ek . xd(t)
, xk . , (15)(16)

sat(uk−1(t)) , ur,k(t), uk(t)
.

, Lyapunov-like

:

Lk(t) = e−λte2
k(t) +

� t

0
e−λτδφ2

k(τ)dτ, (23)

δφk(t) = b(t)(ud(t) − uk(t)).

Lk(t)

ΔLk(t) = e−λte2
k(t) − e−λte2

k−1(t) +� t

0
e−λτ [δφ2

k(τ) − δφ2
k−1(τ)]dτ. (24)

(24) 1

e−λte2
k(t)=−λ

� t

0
e−λτe2

k(τ)dτ +� t

0
2e−λτek(τ)ėk(τ)dτ +e2

k(0). (25)

(24) 3 , (2)(14) (15)� t

0
e−λτ [δφ2

k(τ) − δφ2
k−1(τ)]dτ �� t

0
e−λτ{[b(τ)ud(τ) − b(τ)uk(τ)]2 −

[b(τ)ud(τ) − b(τ)sat(uk−1(τ))]2}dτ �

−
� t

0
e−λτβkζkde2

k(τ) −� t

0
2e−λτek(τ)ėk(τ)dτ +

2lΔf

� t

0
e−λτ b(τ)

b∗
(βkζk + 1)e2

k(τ)dτ. (26)

βk � 0, ζk � 0, ek(0) =
0, � t

0
e−λτ [δφ2

k(τ) − δφ2
k−1(τ)]dτ �

−
� t

0
2e−λτek(τ)ėk(τ)dτ +

2lΔf

� t

0
e−λτ b(τ)

b∗
(βkζk + 1)e2

k(τ)dτ. (27)

c βkζk , b̄ = bmax/b∗. (25) (27)

(24),

ΔLk(t)�−(λ − 2lΔf − 2lΔf b̄c)� t

0
e−λτe2

k(τ)dτ−e−λte2
k−1(t), (28)

λ, λ � 2lΔf + 2lΔf b̄c ,

(28)

ΔLk(t) � −e−λte2
k−1(t) � −e−λT e2

k−1(t). (29)

t ∈ [0, T ], k k = 1, · · · , m, m

m∑
k=1

ΔLk(t)=Lm(t)−L0(t)�−e−λT
m−1∑
k=0

e2
k(t).

(30)

(23) , Lm(t) � 0.

e−λT
m−1∑
k=0

e2
k(t) �L0(t) − Lm(t) � L0(t). (31)

k = 0 ,

L0(t) = e−λte2
0(t) +

� t

0
e−λτδφ2

0(τ)dτ,

L0(t) [0, T ] , L0(t) [0, T ]
. m ,

lim
m→∞

e−λT
m−1∑
k=0

e2
k(t) � L0(t) < ∞, (32)

, k → ∞ , ek [0, T ]
. .

1 (18)
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ζk(x, t) =
1

|ek(t)| + ε
,

1 − ζk
b

b∗
|ek| =

(b∗ − b)|ek| + b∗ε
(|ek| + ε)b∗

� ε

|ek| + ε
.

(21) ,

V̇k �− b

b∗
e2
k+|ek|bu∗+(|ẋd|+ρk)

ε

|ek|+ε
|ek| �

−(|ek|− b∗u∗

2
)2+

(b∗u∗)2

4
+(|ẋd|+ρk)ε. (33)

ρk xk , xk ,

ρk . , (18) , ζk(x, t)

.

2 , (18) ζk (10)

ζk(x, t) (15)(16)

.

4 (Robust repetitive control)
(1) [0,∞)

, Δf(x, t), b(t) T ,

Δf(x, t) = Δf(x, t − T ), b(t) = b(t − T ).

xd(t)

ẋd(t) = Δf(xd, t) + b(t)ud(t), t ∈ [0,∞). (34)

ud(t) T .

.

,

. 2

,

, .

, :

u(t) = ul(t) + ur(t), (35)

ul(t) = sat(ul(t − T )) + αe(t), (36)

ur(t) = (β(x, t)ζ(x, t) + 1 + lΔf )
1
b∗

e(t), (37)

β(x, t) = |ẋd(t)| + ρ(x, t), (38)

ζ(x, t) =
2

|e(t)| + ε
. (39)

: ε > 0 , α > 0 . ul(t)
; ur(t) ; (36)

sat(ul(t − T )) ul(t − T ) , u∗,

(19).

2 1,2 (1),

(35)∼(37)

, t → ∞ , ,

lim
t→∞

e(t) = 0.

,

V (t) =
1
2
e2(t). V (t) , (3)

(35)∼(37) ,

V̇ �−(αb∗ + 1)
b

b∗
e2 + |e|bu∗ +

(1 − ζ
b

b∗
|e|)(|ẋd| + ρ)|e|. (40)

|e| � ε ,

1 − ζ
b

b∗
|e| � b∗(ε − |e|)

(|e| + ε)b∗
� 0, (41)

V̇ �−b|e|(αb∗ + 1
b∗

|e| − u∗). (42)

, |e| � max{ε, b∗u∗

αb∗ + 1
} , V̇ � 0. e

, x . ,

(35)∼(37) ul, ur, u .

. Lyapunov-like

:

L(t) =
1
2
e2(t) +

1
2α

� t

t−T
b(τ)δu2(τ)dτ, (43)

δu(τ) = ud(t) − ul(t).

L(t) ,

L̇(t) = e(t)ė(t)+
1
2α

[b(t)δu2(t)−b(t−T )δu2(t−T )].
(44)

(44) 1

eė � eb(ud−ul)−(βζ+1)
b

b∗
e2. (45)

(36) (44) 2 ,

1
2α

[δu2(t) − δu2(t − T )] =

1
2α

b(t){[ud(t) − ul(t)]2 −
[ud(t−T )− ul(t−T )]2}�
−b(t)[ud(t) − ul(t)]e(t). (46)

(45) (46) (44), β, ζ ,

L̇(t) � −(βζ + 1)
b

b∗
e2(t) � −e2(t). (47)

, e(t) . , Barbalat

, lim
t→∞

e(t) = 0.

.

3 (39) ζ(x, t) =
1

|e(t)| + ε
,

(40) ,

V̇ ≤ −(αb∗ + 1)
b

b∗
e2 + |e|bu∗ + (|ẋd| + ρ)|e| (48)

ρ x , 1, x ,
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ρ .

5 (Numerical simulation)
(1) ,⎧⎨

⎩
Δf(x, t) = 3sinx sin2t + cos2x,

b(t) = 3 + sin t,

ρ(x, t) = 3sin2t + cos2x.

(49)

(5) (12)

(15)(16) (35)∼(37) .

1,2, b∗ = 2, lΔf = 5. ε, u∗, α
1,3,2. xd(t) = 1.5 sin3 t.

, [0, 2π],
2π.

1,2. , 1 5

, 2

5 . ,

, [−0.5, 1.2].

1 5

Fig. 1 The 5th period system output by robust control

2 5

Fig. 2 The 5th period tracking error by robust control

3 4.

, 3 80 ,

±6 × 10−3. ,

; ε ,

.

Jk = max
t∈[0,T ]

|ek(t)| ,

4 .

3 k = 80

Fig. 3 The 80th cycle tracking error by robust iterative

learning control

4 Jk

Fig. 4 Performance index Jk by robust iterative

learning control

5 6. ,

5 50 ( ±2.5 × 10−3).

, ,

. ε ,

,

. Jk = max
t∈[kT,(k+1)T ]

|e(t)|
, 6 .

5 k = 50

Fig. 5 The 50th cycle tracking error by robust

repetitive control
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6 Jk

Fig. 6 Performance index Jk by robust repetitive control

6 (Conclusion)

,

. ,

,

,

,

.
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